Introduction
There is a broad variety of mechanisms leading to rotor/stator contact induced vibration problems in turbo-machinery including rotor imbalances due to design uncertainties, blade-offs or bird strikes, thermal gradients in outer casings, aerodynamic excitations of vibration modes, sudden rotor fatigue cracks. The latter may be classified according to the interaction locations, either rotating shafts touching retainer bearings or blade-tips contacting the stationary outer casing. Depending on the complexity of the chosen modeling, a broad class of phenomena can be observed.
In the past, attention was mostly paid to the vibrations of rotating shafts supported by journal bearings where different levels of nonlinearity were considered: oil-film pressure field implicating nonlinear hydrodynamic equations, direct rub and friction forces, viscous damping forces [1, 2, 3] . Models generally involved an in-plane Jeffcott rotor housed within the clearance of a simplistic stator where a unique contact location was accounted for along the circumferential direction. The reader may want to consult the rich literature related to the resulting nonlinear and chaotic behaviors as different as dry whip, oil whip or whirling motion [4, 5] , to name a few.
Recently, problems more specific to aircraft engines have arisen [6] . Due to the constant need of higher efficiency, undesired phenomena involving direct contact may be detected. Indeed, this efficiency, simply defined as the ratio of energy output to energy input, strongly depends on the tip clearance between the rotating and stationary parts: the wider the clearance, the less efficient the machine. A reduced clearance between the two components significantly increases the occurrence of contact that is no longer limited to only one simultaneous location. Consequently, it becomes apparent that fully flexible bladed disk and outer casing models are required for a realistic description of the interaction for which unexpected instabilities are identified [7, 8] . Understanding the physical mechanisms that cause them and the circumstances under which they occur is of utmost importance for engineers and designers. They can be classified into two categories [9] :
• transitional phenomena (no more than several milliseconds) that can generate very high stresses in the structures. This is what happens after a blade-off, for instance, where the mechanical components are subjected to very high deceleration rates due to the stop of the engine.
• long-lived phenomena (several rounds of the rotor) characterized by intermittent soft contacts that may induce very high stress levels due to a forced excitation of the blade modeshapes resulting in the fragmentation of the tip of the latter or due to a coupling between the nodal diameter vibration modes of the casing and their counterparts of the bladed disk.
The primary goal of the present paper is to give a better understanding of the second type of interaction between the stator and the rotor, called "modal interaction" in the sequel. To the best of our knowledge, only one particularly interesting and relevant dissertation by Schmiechen [10] and a paper [11] deal with this traveling wave speed coincidence.
To this end, a simple numerical tool, that relies on two elastic structures, has been developed. Each structure is represented in terms of its two n d -nodal diameter vibration modes which allow traveling wave motion. The kinetic energy of the rotor is transformed into vibratory energy thanks to direct contact between the two structures and may result in a dangerous situation of interaction. In this numerical tool, the equations of motion are solved using two different approaches:
• a time-stepping method based on the explicit central differences scheme, relevant for dynamical systems with contact constraints [12] . This method involves a prediction-correction procedure in conjunction with the calculation of Lagrange multipliers to account for the contact efforts.
• a frequency domain approach, the Harmonic Balance Method, that requires prior determination of the retained harmonic terms and involves elaborate algebraic formulation but which is one of the most commonly used approaches for analyzing strong nonlinear dynamic systems [13] .
The paper concludes on a series of evolutions of the proposed model for future investigations.
Mathematical background
The concept of n d -nodal diameter traveling wave is briefly summarized in a simple fashion. Rotational periodicity and axi-symmetry, both characteristic of bladed disks and outer casings in turbomachines, give rise to mode pairs with identical natural frequencies [14] . Both respective mode shapes are similar and rotated around the axis of symmetry by π/(2n d ) where n d is the number of nodal diameters of the modes. Due to the orthogonality property of normal modes, it is possible to combine them into forward and backward traveling waves. Let θ be an angular position of a typical material point and γ, an amplitude of displacement of this material point. These two traveling waves can be expressed as:
where ω is the angular frequency and θ 0 , an undetermined angular position. The scalar γ 0 stands for the amplitude of γ f and γ b which are, respectively, the forward and backward traveling waves. In a body-fixed reference frame, the propagation velocity of these two waves is ±ω/n d according to their direction. For a structure rotating at a uniform angular velocity Ω relative to a stationary frame, the propagation velocity of these two waves in a stationary frame becomes Ω + ω/n d for the co-rotating wave and Ω − ω/n d for the counter-rotating wave, selecting the counter-clockwise direction as positive. The primary goal of this research project is to detect a structural interaction due to direct contact between these types of waves, one possibly traveling in the casing and the second one in the bladed disk.
3 Structural models
Bladed disk
In this study, the model of the bladed disk is as simple as possible. Each blade of the tuned assembly is represented by a rigid body linked to the disk by a linear spring k b , and to its neighbors by a linear spring k bb , as depicted in Fig. 1 . For the sake of simplicity in the contact detection explained later, it is assumed that the blades modeled as such vibrate around the axis of rotation of the engine or equivalently that the radius of the disk collapses to zero. The stiffening due to centrifugal forces is neglected as well as gyroscopic effects. Hence, the dynamic equation associated with the i -th blade 
where α i represents the vibration angle of the i -th blade and F i , the respective external forcing acting on that blade. This equation becomes, when generalized to the entire structure:
The mass matrix contains on its diagonal the moment of inertia of a rigid beam about one of its ends,
The two resulting n d -nodal diameter modes p c and p s , illustrated in Fig. 2 for n d = 3, are associated with their respective contributions α c and α s so that the final displacement field of the structure is:
Accordingly, a n d -nodal diameter traveling wave will propagate in the bladed disk when considering the following time functions α c (t ) = cos(ωt ) and α s (t ) = sin(ωt ), for instance.
Casing
The casing is directly discretized onto its modal coordinates by only keeping its two n d -nodal diameter modes as shown in Fig. 2 . Their respective contributions are denoted u c and u s . Any material point belonging to the casing, whose position is parameterized by θ, is then subjected to the following displacement field:
As already explained for the bladed disk, a traveling wave will propagate in the casing if, for instance u c (t ) = cos(ωt ) and u s (t ) = sin(ωt ). Noting u = [u c u s ] T , the two dynamic equations of the casing are recast in the following contracted form:
where F c is an external load applied to the casing. The mass matrix contains the modal mass of the two considered modes on its diagonal, M c = diag 2 (m c ) and the respective modal stiffness matrix is written as Of particular interest are the contact forces acting between the blade tips and the casing. No friction is considered and, as a consequence, Hamilton's Principle can be used for the derivation of the governing equations, following the procedure detailed in [15] . The so-called impenetrability condition is enforced by the Lagrange multiplier method. In the chosen configuration space, this method has a limited physical interpretation and may be viewed as a mathematical correction of the generalized displacements in order to forbid any residual penetration between the two mechanical components. Hamilton's Principle is written as follows:
The different energies and virtual works involved in the formulation take the following form:
where, in λ and g are respectively stored the Lagrange multipliers and the gap functions between the blade tips and the casing: the latter are detailed in section 4. 
This formulation is discretized in time using the explicit central differences scheme. Denoting by x the vector storing the generalized displacements of the two structures (
) and by h, the time step, vectors in velocity and acceleration become:
This scheme is stable for a very small time step h bounded by the Courant-Friedrichs-Lewy criterion in linear investigations [16] :
where ω max is the largest eigenvalue of the discretized system. In nonlinear investigations such as those involving contact, an empirical time-step, smaller than for linear cases, has to be chosen.
General algorithm for frictionless problems
Many different algorithms dealing with contact problems in explicit dynamics have been developed over the last few years depending on the type of correction (displacement or velocity) [17] . For both its simplicity and reliability [18] , the Forward Increment Lagrange Method developed in [19] is used in our study. This explicit time integration scheme in conjunction with the Lagrange multiplier method handling contact problems is divided into three steps for each time increment. Noting by M, D and K, respectively the mass, damping and stiffness matrices of the two structures as a whole, the procedure for a node-to-line contact consists of three main steps:
1. Prediction of the displacements without considering any possible contact. The predicted displacement, denoted with a superscript * , is expressed as:
2. Determination of the predicted gap functions between the two structures. Only the negative gap functions, meaning that a penetration has been detected, are stored in N × 1 vector g * .
3. Correction of the displacements through the calculation of the Lagrange multipliers implying that the detected penetrations vanish:
where the superscript c means that the correction of the displacements is being processed. The contact constraint matrix C stems from the linear gap expressions between the structures. The new equations of motion taking into account the contact forces along with the contact constraints have to be solved simultaneously:
Eq. (12) can be recast in a more convenient form:
Modified algorithm
In our study, the algorithm described above has been slightly modified as follows:
1. Prediction: the displacements of both structures are calculated in modal coordinates. It yields the prediction of four unknowns u * c , u * s , α * c and α * s . 2. Determination of the gap functions: each blade angle is deduced from the prediction step thanks to a projection onto the physical coordinates by using Eq. (4). Each gap function g * i can be expressed as:
where l b is the length of the blades, R c , the radius of the casing and Fig. 3 . Φ i is the initial angle of the i -th blade in a stationary frame.
3. Correction step: Lagrange multipliers are calculated so as to eliminate the negative gap between the guessed penetrating blades and the targeted casing. The linearization of the i -th gap function between the prediction step and the correction step yields:
As an illustration and for the sake of brevity, let us consider a bladed disk with five blades from which two (number 1 and 2) are in contact with the casing during the on-going timestep. From Eq. (15), Eq. (12b) takes the form:
where 
Numerical simulations and results
Numerical simulations are performed with respect to the rotational velocity of the bladed disk Ω over the 0−500 rad/s running speed range. Contact between the rotor and the stator is initiated by a 50 µs forcing pulse applied on the modal amplitude u c at the very beginning of the each simulation for which the rotational velocity Ω is constant. The rotor of the chosen model is perfectly balanced and no eccentricity between the two structures is introduced. The other mechanical parameters used in this study are listed in Table 1 : m b and m c are not normalized as their physical value is required in the contact algorithm. 
Time-step size convergence analysis
It is well-known that strong nonlinearities such as direct structural contact play an important role on the time-step size of an explicit algorithm [20] . The linearization of the gap functions and more importantly, the modal displacement field used in this study restrict the time step to very small values. To determine an appropriate size of the latter, numerical tests with several different time steps, h = 10 −5 s, h = 10 −6 s and h = 10 −7 s have been conducted. The respective results are depicted in Fig. 4 . It is shown that the time-step convergence is difficult to achieve. Decreasing the time step to h = 10 −8 s similarly leads to a phase shift in comparison to the displayed results. As a matter of fact, due to the two degree-of-freedom structural modal description of the system, local information travels with an infinite velocity from one part of the structures to another one and consequently, the contact detection technique is facing difficulties in the estimation of the correct gap functions. Nevertheless, for a steady-state with repetitive to permanent contact between the two structures, the qualitative general behavior of the mechanical system remains identical, as seen in Fig. 4 for t > 0.04 s. Therefore, it has been decided in an almost-empirical manner to keep h = 10 −7 s as the time-step in our algorithm, time-step that can be compared to the Courant critical time step ∆t c given in Table 1 . A focus on the distances between the blade tips and the casing depicted in Fig. 5 confirms that the contact algorithm is successful: gap distances are all non-negative and the algorithm remains stable for all times.
Response of the structures
Based on an extensive numerical simulation study along Ω and the amplitude of the pulse applied on the casing, two types of response are observed. The first one is characterized by several impacts between the two structures at the beginning of the simulation, then followed by a decrease of the vibration amplitudes to zero due to structural damping. This response is not of interest in this study. In contrast, an exchange of energy between the stator and the rotor occurs in the second type of behavior. This interesting case features a steady-state where the blades no longer vibrate while two of them (with the chosen parameters listed in Tab. 1) are in permanent contact with the casing. They are highlighted by solid and dashed bold black lines in Fig. 5 . During this permanent contact steady-state, these two blades push a traveling wave that propagates in the casing at the angular velocity of the bladed disk as illustrated in Fig. 6(a) : projected back to the physical space, the two depicted curves represent a forward traveling wave starting at t ≃ 0.08 s. On the other hand, Fig. 6(b) shows that the bladed disk reaches a permanent static-only deformation state after the transient response has died away. This new phenomenon is referred to as locked motion and is studied in detail in the sequel. The results given below remain very general and can be extended to any kind of situation as illustrated in Figs. 7(a) and 7(b) for n d = 4 where the same kind of behavior is observed. The fact that the locked motion starts at t ≃ 0.08 s for both n d = 3 and n d = 4 is a coincidence. Also, it is worth noting that the number of blades simultaneously in contact with the casing mainly depends on the parameters n d , N as well as the initial clearance between the two structures. Referring to Fig. 5 where blades #6 and #21 are in permanent contact with the casing, other configurations involving different blades were detected. This is mainly due to the inherent nonlinear nature of the at t ≃ 0.08 s, a n d nodal diameter forward traveling wave starts to propagate in the casing while the blade disk simultaneously reaches a purely static deformation state system, which is not explored in detail in the present investigation.
Conditions of interaction
It appears that several parameters (rotational velocity, initial forcing pulse amplitude, structural damping. . . ), and the combination thereof, play a key role on the occurrence of the locked motion. Concerning the rotational velocity and the initial forcing pulse amplitude, Fig. 8 reveals a zone of possible interaction for Ω ≥ ω c /n d . The initial forcing pulse in this zone must be sufficiently large 
Although the few previous findings have shown the importance of the natural frequency of the bladed disk ω b d (see Eq. (31) and [10] ), Fig. 6(b) demonstrates that the role of this structure in the phenomenon vanishes because of its permanent static-only deformation state behavior during the interaction. However, a clear conclusion on the time integration results is premature due to the high sensitivity of the method to the time step size and to the external forcing conditions. Accordingly, a frequency-domain approach is now proposed for its capability to provide a more intrinsic description of the system behavior that naturally complements a time integration investigation.
Frequency-domain study of the 'locked-motion'
In order to avoid the high sensitivity of the results to the initial conditions, to the amplitude of the initial forcing pulse and to the time step size, the Harmonic Balance Method (HBM) is used. This frequency-domain method is capable of predicting efficiently the steady-state periodic behavior of strongly nonlinear mechanical systems [21] . The HBM method allows for parameter studies that would carry prohibitive cost using direct time integration, and results in a better physical understanding of the solutions. It is used in the present study in order to complement the time integration results and demonstrate in an almost analytical manner that the locked-motion only occurs for a specific range of rotational velocities.
Governing equations
The results of the previous section are used for the derivation of the governing equations. Without loss of generality, it is considered here that only two blades, denoted by i 1 and i 2 , are in permanent contact with the casing. The resulting equations for the casing take the following form where 
where β i j is defined in Eq. (14) . Concerning the bladed disk and referring to the previous conclusions, only static terms are considered. Accordingly, equations associated with the motion of the two blades in permanent contact with the casing become:
where α i j −1 and α i j +1 are deduced from α i j , for j = 1, 2 using Eq. (4):
Finally, it is necessary to add the two permanent contact conditions between blades i 1 , i 2 and the casing:
This formulation results in a nonlinear differential system of six equations and six unknowns u c , u s , λ 1 , λ 2 , α i 1 , α i 2 that cannot be solved analytically.
Solution method
Time integration has shown pure harmonic (casing) and static (bladed disk) responses. Seeking the existence of periodic solution to the assumed configuration induces the use of the Harmonic Balance Method (HBM). As a matter of fact, this is a classical technique for studying nonlinear steady state oscillations. The response as well as the nonlinear restoring forces are expanded in Fourier series. In certain conditions with no explicit external forcing, HBM can provide non-zero solutions that can be seen as nonlinear normal modes of the system, namely an intrinsic description of the behavior of the system. Moreover, HBM transforms a nonlinear differential system of equations in a nonlinear algebraic system of equations that can be easier to solve. The general idea of the HBM is to represent each time history by its frequency content and solve through an iterative procedure the set of equations obtained by balancing the terms with the same frequency component [22] . Equations of motion including contact forces and keeping notations of Eq. (10) can be set as:
where F ext stands for the external periodic excitation and λ represents the nonlinear contact forces. As mentioned earlier, damping is not considered in Eq. (22) and in the remainder because it is not a parameter of interest in this work. Although it may be included in time marching procedures to quickly reach the steady state response, it may be neglected in frequency-domain techniques. Next, assuming a steady-state periodic response, the generalized displacements are expanded in the frequency-domain as a Fourier series up to N h temporal harmonics:
Then using Eq. (23) and balancing the sin and cos terms, Eq. (22) can be recast in the following form:
where:
The k -th block Λ h,k defines the dynamic stiffness matrix for the k -th harmonic. Accordingly,x,λ and F ext are frequency domain counterparts of time domain x, Cλ and F ext , respectively. Several different methods allow for taking into account the contact forces that are evaluated in the time-domain during resolution. In [23] , the displacements are directly corrected with respect to the inequality contact constraints without calculating the contact forces whereas [24] requires the expression of the contact forces in the frequency-domain in order to solve Eq. (24) . Based on the time-domain results the following is assumed:
• a single harmonic at frequency n d Ω describes the casing dynamics during interaction:
• the two contact forces are constant. Consequently, only the 0-th order terms λ 1 and λ 2 (see Eq. (18)) of the Fourier series are accounted for.
• the two bladed disk modal amplitudes are constant. Consequently, only the 0-th order terms α i 1 and α i 2 (see Eq. (20)) of the Fourier series are accounted for.
A projection of Eqs. (18), (19) and (21) Because of the very small amplitudes of displacement exhibited by the bladed disk during the interaction phenomenon, the following first order expansions are considered:
, the nonlinear system of equations can be written in the following manner:
The solution vector is obtained iteratively by a nonlinear procedure such as the quasi-Newton method implemented in Matlab.
Results
The numerical model outlined in the previous section was implemented in a computer code and simulations of the proposed technique were carried out using Ω as a parameter. It is now assumed that n d = 3, i 1 = 6 and i 2 = 21. The results confirm that Ω c is a specific rotational velocity of this system for which the sign of the Lagrange multipliers changes, as depicted in Fig. 9 (note that λ 1 = λ 2 ). Similarly, the bladed disk continuously goes from one steady-state to another while crossing this value as Fig. 10(b) indicates. However, the behavior of the casing is Ω-independent as illustrated in Fig. 10(a) and the harmonic amplitudes are consistent with a forward traveling wave propagating in the casing since they induce the following displacement field:
Furthermore, the sinusoidal wave amplitudes observed in Fig. 6 (a) are reproduced with the present approach showing a perfect agreement between the two methods and the consistency of the assumptions used for the HBM derivation. Nevertheless, the solution is physically unacceptable when Ω < ω c /n d while numerically correct. In simple terms, the well-known Signorini inequality conditions arising in contact mechanics [25] here collapse into the same equality condition given in Eq. (21) because of the explained assumptions. Mathematically, condition (21) affects non-admissible gap functions as well as admissible gap functions, which is not correct: additional simple calculations on the contact forces when Ω < ω c /n d reveal that the casing pushes the bladed disk, a nonphysical configuration that has to be dismissed. This main result is fully consistent with the presupposed interaction zone found with the time integration approach and depicted in Fig. 8 : the locked-motion is unreachable for Ω ≤ ω c /n d under any initial forcing pulse applied on the casing. The introduction of an engine-order excitation has no noticeable effects on the results. A discussion about time consumption between the two methods is meaningless considering that the HBM outputs a semi-analytical, comprehensive result compared to the numerical investigation of the time integration. Nevertheless a CPU estimation can be given: the comparison is highly favorable to HBM that is around a thousand times faster than the time integration procedure. Furthermore, analogously to the time integration investigation, the nonlinear nature of Eq. (27) gives rise to multiple admissible solutions where different blades (restricted to two in the present formulation) are in permanent contact with the casing. Situations with more blades in permanent contact were not explored but are obviously conceivable.
Summary and concluding remarks
The emphasis of the study has been placed on the understanding of the modal interaction phenomenon that can occur between a bladed disk and an outer casing. The mechanical model associ-ated with the developed numerical tool is extremely simple. The bladed disk is constituted of rigid bodies, representing the blades, connected together and to the disk by linear springs. This structure is then reduced to its two n d -nodal diameter modes. The casing is directly discretized on its two n d -nodal diameter modes. Both solution methods, an explicit time marching procedure and a frequency-domain approach, are in really good agreement in the prediction of an interaction phenomenon occurring only if the following condition is met:
Equation (29) means that the rotational velocity of the bladed disk Ω must be greater than the natural traveling wave speed of the n d -nodal diameter mode of the casing so that an interaction can be detected. It is worth mentioning that this kind of interaction can only be investigated with flexible structures allowing for multiple simultaneous contact locations. Nevertheless, considering the theory presented in section 2, if both structures vibrate at their own natural frequencies, four cases of traveling wave speed coincidence can be stated for Ω:
Taking into account physical considerations on the direction of the contact and friction forces between the two structures -forward on the casing and backward on the bladed disk if the rotor rotates counter-clockwise -, only one of these equations can be considered as dangerous:
At this speed, both structures are driven in resonance by the contact forces. This rotational velocity must be avoided because resonance can cause undesired large amplitude vibrations. The study undertaken here is the first step in understanding the interaction phenomena that can occur in an aircraft-engine and precedes the development of an improved model able to capture the type of phenomenon mentioned above. Indeed, future roads of investigation are numerous. Currently under consideration is a theoretical research work with a model involving a smooth differentiable contact law. Existence, stability and bifurcation analyses are conducted with the following improvements:
1. A priori uncoupled flexural and axial displacement directions.
Linearly coupled flexural and axial displacement directions (initially curved beam for instance)
so that the modeshapes of the casing and bladed disk can geometrically match.
3. Displacement fields with different nodal diameter modes.
